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An analysis of null geodesics in Schwarzschild de Sitter space is presented with special attention
to their global ‘bending angles’, local measurable angles, and the involvement of the cosmological
constant. We make use of a general technique which allows for finding observable intersection angles
of null trajectories analytically. A general relativistic aberration relationship is established as one of
its applications. The question of whether or not the cosmological constant, Λ, contributes to orbits
of light and to related observable quantities is addressed in detail. We also discuss the ongoing
debate on this issue and respond to some recent papers on the topic. The dependence of measurable
quantities on the motion of observers is stressed throughout. Exact formulas for measurable inter-
section angles, as well as gravitational lens equations for observers in the Schwarzschild de Sitter
background are provided.
I. INTRODUCTION
Recently there has been much activity in re-examining
the role of the cosmological constant, Λ, in gravitational
lensing. In 1983 Islam, [1], suggested that the trajec-
tory of light in Schwarzschild-de Sitter, henceforth SdS,
space is independent of Λ. Following his publication,
until recently it was generally believed that Λ does not
contribute to gravitational deflection of light. In 2007
Rindler and Ishak, [2], considered the role of local angles
in a simple setup of gravitational deflection of light in SdS
space. They argued that although Λ may not contribute
to the orbit of a light ray, it does contribute to its total
deflection angle. Rindler and Ishak’s conclusions imme-
diately led to both enthusiasm and scepticism. Among
the many responses to their original paper, some authors
searched for other ways in which the contribution of Λ
emerges, in support of Rindler and Ishak’s conclusions,
see for example [3–10]. Others tried to find errors in
Rindler and Ishak’s work and explain the invalidity of
their conclusions, [11–16]. Up until now there seems to
be no clear consensus as to whether or not Λ indeed plays
a role in gravitational lensing. However, the papers that
followed [2] amount to an interesting investigation of the
subject, to which we intend to contribute.
Inspired by Rindler and Ishak’s work, we take a closer
look at local (observable) angles. Specifically, the in-
fluence of Λ on observable angles between intersecting
null geodesics in SdS space. Complementary to Rindler
and Ishak’s investigation, we incorporate the general mo-
tion of observers into the analysis, and explain in full
detail that while Λ may have no direct affect on orbits
of light, it can still affect measurements made on them.
We point out some subtle issues that may be a source
of disagreement in recent literature. Along the course
of our presentation we employ a general formula for ex-
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pressing observable intersection angles. This formula is
essential in the topic at hand, but quite surprisingly is
missing from recent literature. We also involve the ef-
fects of relativistic aberration of light in our discussion,
and demonstrate that the general angle formula encom-
passes this phenomenon. In fact, the formula can be used
to derive an invariant aberration equation, applicable to
any background geometry and orientation. This general
equation reduces to the well-known aberration equation
as a special case.
Employing Kottler coordinates, we begin by fully ex-
amining the dependence of null geodesics and light ray
orbits on Λ. We discuss the role that initial conditions
play and how it may influence the conclusions made. We
then digress to derive some general results to help us an-
alyze local angles in the current context of light rays in
SdS space. Throughout our presentation of the topic,
we try to shed light on possible areas of confusion and
ambiguity, especially in the use of parameters such as
the “impact parameter” and the “bending angle”. We
present some expressions of measurable angles in SdS
space for some specific observers. Finally, putting to-
gether the concepts of local and global angles we derive
the single source gravitational lens equation in SdS back-
ground. We compare our work to numerous results from
recent publications and discuss the state of the topic so
far. See [17] for detailed discussions on some of the issues
addressed here.
II. LIGHT RAYS IN SPHERICAL SYMMETRY
In this paper, we study the role of Λ in the simplest
case of lensing phenomenon. It will serve as a demon-
stration of the effect of Λ, and as a starting point for
further investigation. Consider the spherically symmet-
ric and static metric, with a corresponding line element
of the form
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2 sin2(θ)dφ2 + r2dθ2, (1)
2in the region where f(r) > 0. In this manifold, the
Euler-Lagrange equations give the following system for
the geodesics:
d
dλ
(−f(r)t˙) = 0, (2)
d
dλ
(
r2sin2(θ)φ˙
)
= 0, (3)
d
dλ
(
r2θ˙
)
= r2sin(θ)cos(θ)φ˙2, (4)
d
dλ
(
r˙
f
)
= −f
′t˙2
2
− f
′r˙2
2f2
+ rsin2(θ)φ˙2 + rθ˙2, (5)
where the dot represents differentiation with respect to
the affine parameter λ, and the prime represents differen-
tiation with respect to r. Consider a light ray with initial
conditions (t0, r0, φ0, θ0) and (t˙0, r˙0, φ˙0, θ˙0). It is impor-
tant to note that not all of the parameters t˙0, r˙0, φ˙0 and
θ˙0 can be considered independent. The null geodesic is
subject to the condition
0 = −f(r)t˙2 + r˙
2
f(r)
+ r2 sin2(θ)φ˙2 + r2θ˙2, (6)
which means that only three of the t˙0, r˙0, φ˙0 and θ˙0 can
be freely set. Let us concentrate on the case where r˙0,
φ˙0 and θ˙0 are the free parameters, and the given set of
initial conditions is (t0, r0, φ0, θ0; r˙0, φ˙0, θ˙0). These initial
conditions set an event in the manifold and a spacelike
direction at the event. We will refer to them as ‘stan-
dard’ initial conditions. Furthermore, due to spherical
symmetry, without loss of generality we can set θ0 =
pi
2
and θ˙0 = 0. For such initial conditions we immediately
find that θ¨ = 0, which means that θ˙ = 0 and θ = pi2 .
Therefore, the ray of light is confined to the subspace
θ = pi2 and the system then reduces to:
f(r)t˙ = f(r0)t˙0 =
√
r˙20 + r
2
0f(r0)φ˙
2
0, (7)
r2φ˙ = r20φ˙0, (8)
r¨ =
r40φ˙
2
0
r2
(
f
r
− f
′
2
)
. (9)
From (6), (7) and (8) we obtain the first integral for r:
r˙2 = r˙20 + r
4
0φ˙
2
0
(
f(r0)
r20
− f(r)
r2
)
. (10)
Our goal is to analyze the influence of the cosmolog-
ical constant, Λ, on light rays. We set attention to
Schwarzschild-de Sitter spacetime and make use of the
Kottler metric, [18]. The metric has the form (1) with
f(r) = 1− 2m
r
− Λ
3
r2, (11)
where m is a mass parameter, the effective gravitational
mass being M = m+ Λ6 r
3, [19]. With this f(r), we find
that Λ gets cancelled out in the differential equations for
r, leaving m as the only metric parameter present. From
equation (7) it follows that the evolution of t depends on
both m and Λ, while from (8) and (10) with (11), the
evolutions of r and φ depend only on m and the initial
conditions. We conclude as follows: In Schwarzschild-
de Sitter spacetime, described by the Kottler metric, the
evolutions of the spatial coordinates of a light ray with
standard initial conditions do not depend on Λ. It should
be clear that it is a coordinate dependent result, true in
Kottler coordinates, for rays with standard initial condi-
tions. We can obtain a first order differential equation in
r and φ by using equations (8) and (10),(
dr
dφ
)2
=
r4r˙20
r40φ˙
2
0
+ r4
(
f(r0)
r20
− f(r)
r2
)
. (12)
This equation and its solution (the spatial orbit) do not
include Λ explicitly. Therefore, we completely agree with
Islam’s remarks on the absence of Λ in [1], and with
Rindler and Ishak’s position on the issue in [2]. How-
ever, it must be pointed out that Islam merely reports of
the absence of Λ from the second order differential equa-
tion in u = 1
r
and φ. This absence in the second order
relationship is simply not enough to firmly conclude the
non-influence of Λ on the orbit. Indeed, we can differen-
tiate (12) in such a way that will eliminate m, leaving it
absent from the resulting second order equation 1. But
this doesn’t mean that m has no influence on the orbit.
It will make its way back to the solution once integration
is done and initial (or boundary) conditions are applied.
Thus, the claim that Λ has no influence on orbits of light
entirely based on Islam’s findings is justly subject to scep-
ticism (see for example [3, 6, 7, 14]). The invalidity of
Islam’s argument was stated explicitly in [19]. To make
this issue finally clear, we arrive at the above result from
first principles and explicitly state under what conditions
it holds. It is worth noting that for f(r) given by (11), in
the combination
(
f(r0)
r2
0
− f(r)
r2
)
we have a complete can-
cellation of Λ. Using approximations that tamper with
this combination may affect the cancellation, [3].
In the literature on the subject it is common to make
use of the parameter b instead of the initial conditions r0,
r˙0 and φ˙0 in (12). b is defined as the ratio between the
conserved angular momentum and energy of the photon.
In terms of our parameters it can be written as
b =
r20φ˙0
f(r0)t˙0
, (13)
or with (7)
1
b2
=
r˙20
r40φ˙
2
0
+
f(r0)
r20
. (14)
1 It is common to convert equation (12) (with (14)) to the familiar
d2u
dφ2
= 3mu2 − u, by setting u = 1
r
and differentiating. Notice
that by setting u =
√
r instead, we get d
2u
dφ2
= 3u
5
4
(
1
b2
+ Λ
3
)
− u
4
.
3Treating b as an independent parameter in the resulting
differential equation leads to the explicit dependence of
orbits on Λ. It is equivalent to treating t˙0 and φ˙0 instead
of r˙0 and φ˙0 as the independent parameters, as is clear
from (13). We see that putting b in (12) leads to the
absorption of f(r0)
r2
0
, leaving the Λ present in f(r)
r2
without
cancellation. We note again the importance of specifying
the independent parameters of the orbit before making
conclusions regarding the influence of Λ on it.
Another commonly used parameter is the ‘impact pa-
rameter’ B. It is related to b through
1
B2
=
1
b2
+
Λ
3
, (15)
and if used in (12) it completely absorbs the explicit ap-
pearance of Λ. It turns out that Λ is not involved in the
relationship between B and the standard initial condi-
tions either. If B is treated as an independent parameter
in the differential equation, the resulting orbits do not
depend on Λ explicitly. Again, the dependence of the or-
bits on Λ is entirely associated with the choice of initial
conditions or the parameters used. We have summarised
some sensitive aspects regarding the effect of Λ on light
rays in spherical symmetry which were not discussed in
recent papers on the topic. Some of the disagreements
in papers that followed Rindler and Ishak’s [2] are re-
lated to these aspects. We present a much more detailed
discussion on this in [17].
It is worth pointing out that the two traditional defi-
nitions of the ‘impact parameter’ in Schwarzschild space
do not coincide in SdS space 2, see [2, 20–24]. This term
has been used to refer to both b and B by different au-
thors (e.g. [3, 6, 8], [2, 11, 14]), which are clearly different
quantities for Λ 6= 0. We adhere to the geometrical defi-
nition, in which the impact parameter is the geometrical
distance of an asymptote of the orbit to the origin. This
is found to be B with Λ 6= 0, not b, see [17].
Rindler and Ishak, in agreement with Islam’s claim,
have acknowledged that Λ has no influence on the or-
bit itself. However, they argued that since Λ affects the
global geometry of the space in which the orbit exists, it
must have an effect on the orbit’s overall bending. They
proposed and demonstrated the use of a new definition
for the bending angle of the orbit, which is affected by Λ.
More on this in section IVA. Other attempts in extend-
ing the concept of bending angle to the Λ 6= 0 case were
made since. There is still disagreement between authors
on the exact definition.
Here we adopt a different approach and make a clear
distinction between global and local angles. We review
the purpose of the bending angle defined in the absence of
2 The impact parameter of an orbit in central potential is roughly
defined as either the ratio between the conserved angular mo-
mentum and energy, or as the distance of an asymptote to the
origin.
Λ, before attempting its generalization for Λ 6= 0. Keep-
ing in mind that the basic question of theoretical interest
here is whether or not Λ affects directly observable an-
gles, and if so, can its value be determined from such
measurements? In addressing these questions, we pro-
ceed with a method that allows us to account for the
motion of observers making local measurements and, in
particular, to study the combined effects of Λ and rela-
tivistic aberration on observable angles.
III. INTERSECTION ANGLES AND
RELATIVISTIC ABERRATION OF LIGHT
Consider a spacetime with a metric gαβ of signature
+2, and two null geodesics Γ1 and Γ2 that intersect at
an event p. In general, for an indefinite metric the angle
between two arbitrary vectors is not defined, nor is the
intersection angle between our Γ1 and Γ2. However, if we
consider a timelike observer at the intersection event p,
then the measurable intersection angle that takes place
in the local frame of the observer has a clear definition.
Let K and W be 4-vectors at p tangent to Γ1 and Γ2
respectively, and U be the 4-velocity of an observer at
p. The intersection angle, ψU , between the light rays
measured by the observer is given by
cos(ψU ) =
gαβK
αW β
(gαβUαKβ)(gαβUαW β)
+ 1. (16)
The derivation of this formula is trivial and its impor-
tance to the field of gravitational lensing is clear, yet it is
not utilized in any of the recent literature on the topic.
The formula is known to be used by the GAIA team. We
found an explicit appearance of it in [25] and an implicit
form in [26, 27]. We were not able to find the formula
in books on differential geometry, except for very special
cases appearing in [28, 29]. Also see [30–32].
A simple derivation follows. For a spacetime with a
metric gαβ of signature +2, let K and W be any two 4-
vectors at an event p, each may represent the tangent of
an arbitrary curve through p. Let U be the 4-velocity of
a timelike observer at p, and K andW be the projections
of K and W onto the local space of the observer, such
that K andW are spacelike and perpendicular to U with
respect to the metric gαβ . We easily find that
K
α
= Kα +KβUβU
α (17)
W
α
=Wα +W βUβU
α. (18)
Projecting the metric gαβ onto the spatial frame of the
observer at p will give the positive definite (local) metric
of that space, which must be equivalent to the confine-
ment of gαβ to 4-vectors tangent to that spatial frame.
The angle, ψU , between the vectors K and W that takes
place in the observers space is clearly given by
cos(ψU ) =
gαβK
α
W
β
√
gαβK
α
K
β
√
gαβW
α
W
β
. (19)
4Using the expressions for K and W we get
cos(ψU ) =
KαW
α + (UαK
α)(UβW
β)√
KαKα + (UαKα)2
√
WαWα + (UαWα)2
.
(20)
This formula gives the measurable intersection angle be-
tween any curves with corresponding tangent 4-vectors
K and W . In the special case where the curves are null
geodesics, the formula simplifies to (16). For more details
see [17].
Turning back attention to light rays in SdS space, we
see that although Λ may not affect the orbit in the (r, φ)
coordinate plane, the local (observable) angles have a
clear dependence on both the metric gαβ and the motion
of the observerUα, either of which may carry Λ explicitly.
Before ending this section, we consider the connection
between formula (16) and relativistic aberration of light.
As it is well known from special relativity, and clearly
suggested by (16), two observers in relative motion will
generally measure different angles between two intersect-
ing light rays at an event. For a particular orientation of
the motions of the rays and observers, the relationship
between the two measurable angles, ψ1 and ψ2, is given
by the relativistic aberration equation:
cos(ψ2) =
cos(ψ1)− v
1− v cos(ψ1) , (21)
where v is the relative speed between the observers. The
derivation of this formula can be found in most texts on
special relativity. The assumed orientation is such that
in the rest frame of one observer the direction of travel of
the other coincides with the direction of travel of a light
ray. It is advantageous to have a fully general relation-
ship between the measurable angles for any orientation
in terms of the four 4-vectors involved. We can easily
obtain such a relationship from (16). If K and W are
4-vectors tangent to the intersecting light rays, and U
and V are the 4-velocities of two observers that measure
the intersection angles ψU and ψV respectively, then we
have
cos(ψU )− 1
cos(ψV )− 1 =
(gαβV
αKβ)(gαβV
αW β)
(gαβUαKβ)(gαβUαW β)
. (22)
The above is a fully general formula for relativistic aber-
ration that can be used with any metric and any orienta-
tion of motion. To see that (21) is a special case of (22)
we can restrict ourselves to the situation where the direc-
tions of travel of one the observers and one of the light
rays coincide in the local frame of the other observer. In
a more technical language, this special case is summa-
rized by the condition that the 4-vectors U , V and one
of the light rays, say K, are not linearly independent.
Explicitly,
Kα = c1U
α + c2V
α, (23)
where the constants c1 and c2 are determined from the
inner products of the vectors involved. Under the condi-
tions UαUα = V
αVα = −1,KαKα = 0, and UαVα = −γ,
where γ is the special relativistic factor, we find the ratio
c1
c2
= γv − γ. (24)
Evaluating the inner products in (22) by using (23) and
(24) yields (21), as required. This is a coordinate free
derivation of the aberration equation.
Equations (16) and (22) have a particularly simple
form in the small angle limit. Notice the effect of the
signature of the metric in the derivation and outcome of
equation (16), but not in (22).
IV. BENDING OF LIGHT AND
GRAVITATIONAL LENSING IN SDS
In this section we will begin by clearing up some ambi-
guity regarding the bending angle parameter and settle
on a suitable definition of it. In doing so, we will con-
sider that the main purpose of this angle in SdS will be
the same as it is in Schwarzschild space, which is to be
used in the derivation of the single source gravitational
lens equation. We will proceed by collecting some expres-
sions for local angles and combine the results to produce
a single source lens equation in a SdS background.
A. Defining the bending angle with Λ 6= 0
We start by reviewing the concept of ‘bending angle’
in asymptotically flat Schwarzschild space and proceed
to discuss its generalization to SdS space. The bending
angle for a symmetric orbit of a light ray in Schwarzschild
space is defined and calculated in various ways through-
out the literature, [20–23, 29, 33–40]. Within the differ-
ent definitions, the expressions for the bending angle all
coincide. With reference to Figure 1, the bending angle is
most commonly defined as the angle between the asymp-
totes of the orbit, Φ, [23, 29, 35–38]. For an orbit with
smallest r coordinate rmin and impact parameter b (=B
for Λ = 0), the bending angle in Schwarzschild space is
found to be
Φ =
4m
rmin
+O
(
m
rmin
)2
=
4m
b
+O
(m
b
)2
. (25)
FIG. 1. Symmetric bending orbit of light in either
Schwarzschild or SdS space on the (r, φ) coordinate plane.
With smallest r (rmin), impact parameter (B), and geomet-
ric bending angle (Φ).
A natural method to find this expression is to take
the limits of r → ∞ in the orbit solution, a method
5which comes under scrutiny when extending the concept
to SdS space, [2, 6, 7]. Although Λ may not affect the
orbit itself, with its presence in the metric there is no
asymptotic flatness, and the region of interest is bounded
by an outer horizon.
In the pioneering attempt to modify the definition of
the bending angle for the Λ 6= 0 case in [2], the authors
pointed out the problem with taking the limit and pro-
posed a definition that involves a local angle. By us-
ing the appropriate metric to express this local angle,
they found that Λ appears explicitly in the expression of
the bending angle, see equation (17) in [2]. This mod-
ified expression reduces to the known bending angle in
Schwarzschild for Λ = 0 and can be viewed as a general-
ization. In this new definition, the observers that could in
principle measure the local angle are static, although this
is not explicitly stated by the authors. This definition
has been criticized for different reasons, [6, 7, 11–14, 16].
See Ishak’s et al. follow-up papers on the topic, [41–
44], and further discussion in [17]. Other authors have
proposed adjustments to the bending angle that also re-
sult in the explicit appearance of Λ in its expression, e.g.
[3, 4, 6, 7, 14], most are modifications of the definition in
[2].
Consensus should be reached on an exact definition of
the bending angle in SdS background. We recall that a
key purpose of the bending angle is in deriving the grav-
itational lens equation, which is of most practical use.
This is the equation where the explicit appearance of Λ
is of most significance. While the orbital equation, (12),
holds no information about the outer horizon, it properly
describe orbits within the horizon on the (r, φ) coordinate
plane. The geometric angle between the asymptotes of
a light orbit is the required quantity in the ray trace
derivation of the lens equation. For this reason, we pro-
pose that the bending angle will be defined as the geo-
metric angle between the asymptotes of an orbit, in both
Schwarzschild and SdS backgrounds. The bending an-
gle need not be directly measurable, it is a parameter of
the orbit. In particular, with this definition, a symmet-
ric orbit of light on the (r, φ) coordinate plane, will have
three related parameters: the closest approach rmin, the
impact parameter B (or b for Λ = 0), and the bending
angle Φ. In SdS space, the angle between the asymptotes
of an orbit of light is
Φ =
4m
rmin
+O
(
m
rmin
)2
=
4m
B
+O
(m
B
)2
. (26)
In summary, the influence of varying m and Λ in the
situation of interest is depicted in Figures 2 and 3. The
role of Λ in gravitational lensing will be attributed to its
influence on the local angles involved in the lens equation.
B. Gravitational lens equation
We base our discussion of gravitational lensing and the
assumptions involved mainly on [34], but also see [21,
FIG. 2. Symmetric orbit of light in polar coordinates, with
rmin = r0. The value of m is successively increasing top to
bottom, Λ is kept constant.
FIG. 3. Symmetric orbit of light in polar coordinates, varying
Λ and constantm. The outer horizon is shown, as it decreases
with increasing Λ, the orbit remains unchanged.
33, 36–39, 45]. The standard setup of source, lens, and
observer is depicted in Figure 4. In principle, one could
use equation (12) to get an exact relationship between the
geometric angles ψ and β. But if the source and observer
are located in the asymptotic region of the orbit, and
all the associated angles are small, then the ‘ray-trace’
derivation can be used, [21, 34, 38]. In this procedure,
with reference to the parameters appearing in Figure 4,
we find
ψRS = βRS + ΦRSL, (27)
where Φ is explained in Figure 1. For an orbit with large
impact parameter B, to first order in m
B
and the angles,
we get
β = ψ − 4mRSL
BRS
(28)
= ψ − 4mRSL
ψRLRS
. (29)
We now replace the geometric parameters with mea-
surable ones by using angular diameter distances and
equation (16). Let U be the 4-velocity of the observer
making the measurements, K and W be the 4-vectors
of the intersecting rays in equation (16). Then, to first
order in angles, the measurable angle ψU is found to be
ψU =
f(RL)ψ
f(RL)U t − U r , (30)
6FIG. 4. Standard setup of gravitational lensing with source
(S), observer (O), and lens (L).
with reference to the small geometric angle ψ on the dia-
gram. The non-radial velocity components of U enter the
above through U t. Exact expressions for ψU and with-
out reference to the geometric ψ are given in Appendix
A. Let
h(r, U) =
[
f(r)
f(r)U t − U r
]
m=0
. (31)
In the absence of the lens, the position angle βU , where
the observer would have seen the source, is found to be
βU = h(RL, U)β. (32)
In the cosmological context, the geometric ‘distances’ RL,
RS and RSL should be replaced with available angular
diameter distances. Let DL and DS be the measurable
angular diameter distances to the lens and source, re-
spectively. Adopting the usual definition, see for example
Section 3.5 in [34], to the current situation, we find
DL =
RL
h(RL, U)
, DS =
RS
h(RL, U)
, (33)
and
RSL = (DS −DL)h(RL, U), (34)
to first order in the angles. Using (30), (32), (33), and
(34) with (31) in (29), we find to first order in the angles
and mass
βU = ψU − 4m(DS −DL)
DSDLψU
h(RL, U). (35)
The above is the single source gravitational lens equa-
tion for the SdS background. We emphasise that this
result can be derived without the use of bending angle at
all, or any reference to geometric quantities in Figure 4;
this alternative procedure is sketched in the Appendix B.
Once an observer is set, the remaining RL, which comes
through h(RL, U) in (35), must be replaced with DL to
get the final result. This is done by solving (33)(i) for
RL. It should be noted that although approximations on
angles and m have been made, the above result is exact
in Λ and the components of U .
Two specific observers are of interest here. First, the
static observer with Uα =
(
1√
f(RL)
, 0, 0, 0
)
, for which
we get
βU = ψU − 4m(DS −DL)
DSDLψU
√
1 + Λ3D
2
L
. (36)
Next, in the cosmological setting, a comoving ob-
server far away from the mass has 4-velocity Uα =(
1
1−Λ
3
R2
L
+O
(
m
RL
)
,
√
Λ
3RL +O
(
m
RL
)
, 0, 0
)
. In this
case, with Λ3 = H
2, we find
βU = ψU − 4m(DS −DL)
DSDLψU (1−HDL) . (37)
The above result can be interpreted as the single source
cosmological lens equation for SdS background, where all
the parameters are measurable by a comoving observer.
It is in agreement with the main result in [12], see equa-
tion (29) there, which was derived through a different ap-
proach. Interestingly, the authors of [12] conclude that
low orders of Λ do not appear in the lens equation, but
again we encounter a situation where the choice of pa-
rameters strongly affect such conclusions. The authors
of [12] make use of the angular diameter distance dSL,
found to be related to the distances DL and DS through
(compare to (30) in [12])
dSL =
DS −DL
1−HDL . (38)
In principle dSL could be measured by a second (distant)
observer, but in practice it may not be available directly.
If all observations are assumed to be taken at a single
point, as in the cosmological setting, then the angular di-
ameter distance dSL must be determined indirectly, from
other measurements. We find a complete cancelling of
Λ containing terms from equation (37) when using the
angular diameter distance dSL. But if only DL and DS
are directly available, then the value of dSL can be es-
tablished only with knowledge of Λ. See [17] for further
discussion of [12]. We conclude that when expressing the
cosmological lens equation in terms of directly measur-
able parameters, Λ makes an explicit appearance.
An advantage in using Kottler coordinates is due to
the fact that the problem is largely reduced to the or-
bital equation, (12). In this setting, the bending angle
and other geometrical parameters come in handy. How-
ever, a disadvantage is apparent when trying to express
angles measured by cosmological observers away from the
origin; an obstacle easily overcame by utilizing formula
(16). The authors of [11, 12, 15] dealt with this prob-
lem by adopting to coordinates centred at the observer,
introducing various complexities to the analysis. This
illustrates the flexibility that the formula adds to the
topic. Furthermore, using the Kottler metric allows us
to closely follow the traditional analysis of lensing by a
single source, as in [34], and can be extended to produce
a multi-source lens equation that models a more realistic
situation. See Section 2.2 of [34]. Other approaches may
7present a much higher mathematical difficulty. We leave
the derivation of multi-source lens equations for Λ 6= 0
background to future work.
V. CONCLUSION
It was a long time ago that the question of what exact
role Λ plays in gravitational lensing was asked. But even
in the simplest special case of the problem, until this day,
the topic seems to be suffering from ambiguities and dis-
agreements. In the course of the ongoing investigation it
became clear that in order to properly address the prob-
lem one must consider the contributions of the metric
elements on local measurements, on top of the geodesic
equations and the shape of a light orbit, [2].
Building up on previous work, in this paper we inves-
tigated the effects of Λ as well as the motion of observers
on local measurements. It was definitively concluded that
Λ does not appear in the orbital equation when consid-
ering ‘standard’ initial conditions. We made use of the
angle formula (16) to account for observer motion in this
topic, demonstrated its connection with aberration, and
employed it in the context of gravitational lensing. The
formula allows more flexibility in the analysis and is a
needed complement to the orbital equation when using
Kottler coordinates. The complexities that arise in defin-
ing the bending angle and the impact parameter when
Λ 6= 0 were discussed. Finally, by combining the concepts
we showed that Λ appears explicitly in the single source
lens equation for SdS background. The importance of
the choice of parameters used in the lens equation and
the orbital equation were addressed as well.
In addition to the papers mentioned thus far, see [46–
49] and some references therein for more on this topic. A
more detailed discussion of some of the most cited works
on the topic, including [2], [3], [11] and [12] can be found
in [17]. Beyond extending the analysis to multi-source
lens equations, in follow up work we will address magni-
fication effects, red-shift and luminosity distances, time
delay effects, other contributing cosmological factors, and
discuss how in practice Λ can be measured through grav-
itational lensing phenomena [50].
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Appendix A: Exact expressions for measurable
angles in SdS
We express ψU by means of (16), with reference to the
Kottler metric, where one of the 4-vectors K or W , is
radial and the other is subject to equations (7), (8) and
(9). For coordinate r of the observer, with rmin = r0 for
the orbit,
cos(ψU ) =
gαβK
αW β
(gαβUαKβ)(gαβUαW β)
+ 1 = 1+ (A1)
−
√
f(r0)
r2
0
+
√
f(r0)
r2
0
− f(r)
r2
(−
√
f(r0)
r2
0
U t +
√
f(r0)
r2
0
− f(r)
r2
Ur
f(r) + U
φ)(−f(r)U t + U r)
.
In the above expression, Λ comes in through f(r) and
f(r0). The components of U are subject to U
αUα = −1,
U t can be replaced with spatial velocity components, in-
troducing more metric terms. Other parameters related
to the orbit may come in through r0.
For static observer, with Uα =
(
1√
f(r)
, 0, 0, 0
)
, we
have
cos(ψstatic) =
√
f(r0)
r2
0
− f(r)
r2√
f(r0)
r2
0
, (A2)
and
tan(ψstatic) =
√
f(r)
r2√
f(r0)
r2
0
− f(r)
r2
. (A3)
Compare the above with equations (15,16) in [2].
For comoving observer far away from the mass, with
Uα =
(
1
1−H2r2 , Hr, 0, 0
)
=
(
1
fm=0(r)
, Hr, 0, 0
)
, we find
cos(ψcomoving) =
√
f(r0)
r2
0
− fm=0(r)
r2
−
√
f(r0)
r2
0
Hr√
f(r0)
r2
0
−
√
f(r0)
r2
0
− fm=0(r)
r2
Hr
. (A4)
Notice how Λ terms come in through the velocity com-
ponents of the observer as well as the metric itself.
Appendix B: Alternative derivation of the lens
equation in SdS
Through more laborious procedures, equation (35) can
be derived without use of auxiliary parameters and the
bending angle. We outlined an example below.
With reference to the definitions in Section IVB, let
the (r, φ) coordinates of observer and source be (rO, 0)
and (rS , pi − δS), respectively. The angle βU can be ex-
pressed by means of (16) and (12) with m = 0. To first
order in βU and δS , we find
βU = h(rO, U)
rSδS
rO + rS
, (B1)
where h(r, U) is given by (31). Next, we replace the
coordinate parameters rO, rS , and δS with measurable
8position angle ψU , and angular diameter distances DL
and DS . To first order in angles and mass, by using
equations (16) and (12), ψU is expressed as
ψU = h(rO, U)
(
rSδS
rO + rS
+
4m
rOδS
)
. (B2)
The angular diameter distances can be found analyti-
cally through various methods, such as integrating the
geodesic deviation equation. To first order in δS we get
DL =
rO
h(rO, U)
, DS =
rO + rS
h(rO, U)
. (B3)
Using equations (B2) and (B3) in (B1) yields (35), as
required. This procedure can be modified to yield higher
order terms in the resulting relationship.
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